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Abstract
In this note we report some model-independent bounds involving transition form
factors for Ωb → Ωc and Ωb → Ω
∗
c and the nonperturbative matrix elements of the
Ωb system. They are derived by using operator product expansion (OPE) in Heavy
Quark Effective Theory .
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1. Recently it has been shown how to obtain model-independent bounds on the
formfactors that describe semileptonic decays of heavy hadrons. In what follows, we
extend previous results on mesonic transitions B → D,D∗ [1-3] and the baryonic
transitions Λb → Λc [4] to the baryonic transitions Ωb → Ωc,Ω
∗
c .
2. As usual, we start from the time-ordered product of two appropriate currents
(vector or axial) inducing b→ c transitions.
Tµν = −i
∫
d4xe−iq·xJ+µ(x)Jν(0) (1)
The best way to obtain the appropriate operator product expansion is to inte-
grate out the intermediate quark field which reduces Eq.(1) to:
Tµν = −i
∫
d4xe−iq·x〈x|Q¯Γ
1
iDˆ −mc + iǫ
ΓQ|0〉 (2)
Here 〈x| and |0〉 stand for states with definite space coordinates. The usual
HQET fermion field redifinition Q = eimbv·Xh results in the simple replacement of
iD → mbv + iD in Eq.(2) . (Here X stands for the four-space coordinate operator).
Then rewriting e−iq·x〈x| as 〈x|e−iq·X we finally get the well-known formulae which
is at the basis of the operator product expansion method in HQET [11]:
Tµν = −i
∫
d4x〈x|Q¯Γ
1
mbvˆ − qˆ + iDˆ −mc + iǫ
ΓQ|0〉 (3)
As is seen from the redefinition of the quark field, the covariant derivative in
Eq.(3) correspondes to the ”residual” momenta of the heavy quark inside the heavy
hadron. The natural assumption for this quantity is to be of O(ΛQCD) . Assuming
also q ≈ mb we recognize the possibility to expand Eq.(3) in powers of (
iD
mb
). In
what follows we will expand Eq.(3) up to second order in ( iD
mb
) and consider matrix
element of the time-ordered product between Ωb states.
3. Expanding Eq.(3) up to second order in ( iD
mb
) we obtain terms with two, one
or no derivatives. Let us generically write the corresponding matrix elements as
〈Ωc|h¯Γ1h|Ωc〉 (4)
〈Ωc|h¯Γ1iDαh|Ωc〉 (5)
〈Ωc|h¯Γ1iDαiDβh|Ωc〉 (6)
where Γ1 stands for an arbitrary 4 ∗ 4 matrix in spinor space.
Now we are in the position to discuss how to compute these matrix elements.
To begin with, let us discuss the matrix element ( Eq.(6) ) with two derivatives.
As we are interested in the power corrections of order (
ΛQCD
mb
)2 we need this matrix
1
element only up to the zeroth order in this parameter. It is then straightforward to
eliminate residual h fields in favour of the HQET fields hv and to use the spin-flavour
symmetry together with the lowest order HQET equations of motion to parametrize
this matrix element. We get:
〈Ωb|h¯Γ1iDαiDβh|Ωb〉
mb2
= u1 · (gαβ − vαvβ)R¯
aΓ1Ra
+u2 · (R¯αΓ1Rβ + R¯βΓ1Rα) + u3 · (R¯αΓ1Rβ − R¯βΓ1Rα) (7)
Here Ra stands for the Ωb state in HQET (see Refs. [5-9] ). The constants
u1 , u2 ,u3, appearing in Eq.(7) are of order (
ΛQCD
mb
)2 Note that in contrast to the
previously treated meson and baryon transitions, here we need one more invariant
matrix element to parametrize Eq.(7). The reason is that the total angular momenta
of the light diquark system in the hadron is equal to one vs. Jlight =
1
2
and Jlight = 0
in the previously studied cases. Taking for example Γ1 to be the unity matrix and
contracting Eq.(7) with the metric tensor, we obtain:
〈Ωb|h¯(iD)
2
h|Ωb〉
mb2
= −(3u1 + 2u2) (8)
Using the normalization R¯aRa = −1 the quantity on the left hand side of Eq.(8)
represents the heavy quark kinetic energy inside the Ωb baryon. A similar quantity
was introduced earlier for mesons in [1-3] and estimated recently in [11]. Here we
use similar notation and define:
〈Ωb|h¯(iD)
2
h|Ωb〉
mb2
= −(3u1 + 2u2) =
−µpi
2
mb2
(9)
Analogiously, setting Γ1 equal to 2iσαβ we arrive at:
−〈Ωb|h¯σαβgQCDG
αβh|Ωb〉
mb2
= 2u3R
βσαβR
α = 8u3 = 2
µG
2
m2
(10)
Here we have introduced an additional quantity µG
2 , which can be related to
the mass difference of the Ωb and Ω
∗
b baryons:
mΩ∗
b
−mΩb =
3µG
2
8mb
(11)
Next let as discuss the calculation of the matrix element Eq. (5) containing one
derivative. This matrix element is only of order
ΛQCD
mb
, hence we have to calculate
it in the next to leading order in this parameter. First we expand the QCD fields
up to the first order in
ΛQCD
mb
:
2
h(x) = (1 +
iDˆ
2m
)hv(x) (12)
We then arrive at the following expression:
〈Ωb|h¯Γ1iDαh|Ωb〉 = 〈Ωb|h¯vΓ1iDαhv|Ωb〉+
1
2mb
〈Ωb|h¯v(−iDˆΓ1iDα + Γ1iDαiDˆ)hv|Ωb〉 (13)
However, it can be shown that the first term on the r.h.s. of Eq.(13) is of order
(
ΛQCD
mb
)2 . The proof is based on the equation of motion of the heavy quark and the
observation that the first term on the r.h.s. is proportional to the velocity of the
heavy quark up to the required accuracy. In this way we finally obtain:
〈Ωb|h¯Γ1iDαh|Ωb〉 =
(−vα〈Ωb|h¯vΓ1(iDˆ⊥)
2
hv|Ωb〉
2mb
+
〈Ωb|h¯v(−iDˆΓ1iDα + Γ1iDαiDˆ)hv|Ωb〉
2mb
(14)
This last expression has to be computed up to the leading order in
ΛQCD
mb
,
consequently we can use the Eq.(7) to rewrite the result in terms of the parameters
u1, u2 and u3.
Let us finally consider the matrix element Eq.(4) with no derivatives 〈Ωb|h¯Γ1h|Ωb〉.
In order to obtain this matrix element up to the required order one has to expand
h¯Γ1h up to the second order in the inverse powers of the quark mass and one also
has to take into account the difference between the QCD and HQET wave functions
of the final and initial states. In this way we obtain the following parametrization
for the full basis of 4 ∗ 4 matrices:
〈Ωb|h¯h|Ωb〉 = 1−
µpi
2
2mb2
+
µG
2
2mb2
(15)
〈Ωb|h¯γµh|Ωb〉 = vµ (16)
〈Ωb|h¯γµγ5h|Ωb〉 =
−sµ
3
(1 +
µs
2
mb2
) (17)
〈Ωb|h¯σµνh|Ωb〉 =
iǫµναβvαsβ
3
(1 +
µs
2
mb2
+
u1 + 14u2 − 4u3
2
) (18)
〈Ωb|h¯γ5h|Ωb〉 = 0 (19)
4. Using the parametrization of the matrix elements discussed in the previous
section it is straightforward to compute 〈Ωb|Tµν |Ωb〉 up to the necessary order after
3
expanding equation (3) in terms of iD
m
. The result for the invariant form factors
(which are defined in full analogy with refs. [2,3,4]) are too lenghty to be presented
here. What is really of interest is the zero-recoil projection of these quantaties onto
the helicity structure functions. We thus compute nµ
∗(λ)nν
λ
∫
d(q · v)Im〈Ωb|Tµν |Ωb〉
at the point of zero recoil . Here n(λ) stands for the set of polarization vectors of
the outgoing particle with helicity λ ( say, W - boson for the weak-current case ).
This quantity is positive definite since it is in one-to-one correspondence with the
particle decay width into the diagonal helicity states of the , off- shell W ’s.
5. On the other hand, we can express Tµν in terms of the phenomenological form
factors which describe the Ωb → Ωc, Ωb → Ω
∗
c and Ωb → excited states transitions.
Again, projecting ”hadronic” tensor Tµν onto helicity states, taking the imaginary
part and integrating over q ·v we arrive at the positive definite quantities WL, WTL,R
and W0. ( for further details see ref. [4] ). The exact expressions of Ωc and Ω
∗
c
contributions to this quantities for the case of axial and vector current are presented
in the Appendix.
6. As a next point let as discuss the sum rules for the form factors.
Taking linear combination 1
2
(WTL + WTR) for the hadron-side and parton-side
contributions and neglecting the contributions from the excited states, we finally
get the inequality:
|f1
A|
2
+
2
3
|G1
A|
2
≤ 1−
µpi
2
mb2
(
x2
4
+
x
6
+
1
4
)−
µG
2
mb2
(
x2
12
−
x
6
−
1
4
) (20)
Here x stands for the ratio mb
mc
.
On the other hand, taking n · s = −1 and calculating WTL we can ” switch off ”
the Ωb state contribution on the hadron side, thus obtainig a sum rule for the G1
A
formfactor only:
1
2
|G1
A|
2
≤
2
3
−
µs
2
3mb2
+
µG
2
mb2
(
1
3
+
x
6
)−
µpi
2
mb2
(
x2
6
+
x
6
+
1
4
)+u1(
x
6
−
1
12
)−u2(x+
14
12
) (21)
Note that u1 and u2 enter this sum rule as independent quantities i.e. they do not
enter in the combination of kinetic energy (7).
In full analogy we can obtain a bound for the vector form factors. It is worth
noting, that at zero recoil, the Ω∗c state does not contribute to the vector-current
induced transition (see Appendix). Thus we get:
|Σfi
V |
2
≤ 1−
(µpi
2 − µG
2)
4mb2
(x− 1)2 (22)
As Ω∗c does not contribute to the vector current induced transitions, we can also
think of ”switching off ” the contribution from the Ωc state. We can do that by
taking the first moment while integrating over q · v ( similar to the Voloshin sum
4
rule , but at zero recoil ). The leading contributions to the ” hadronic ” side of the
sum rules will be zero in this way , while we get something none zero on the partonic
side. Again neglecting the contributions from the excited states we get:
µG
2 ≤ µpi
2 (23)
We mention here that a similar inequality was obtained in the Ref.[11] for mesonic
states using different techniques.
7. To summarize, we have estimated the size of (
ΛQCD
mb
)2 corrections to Ωb to Ωc
transitions at zero recoil point using the operator product expansion in HQET.
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Appendix.
The contribution of Ωc , Ω
∗
c to the projection of the hadronic tensor to the helicity
structure functions:
Ωb → Ωc
1.Axial current:
< Ωc(v
′
, s
′
) | c¯γµγ5b | Ωb(v, s) > = u¯c(v
′
, s
′
)[fA1 γµ + f
A
2 vµ + f
A
3 v
′
µ]γ5ub(v, s);
WL =
w + 1
2q2
((mΩb −mΩc)f
A
1 −mΩc(w − 1)f
A
2 −mΩb(w − 1)f
A
3 )
2;
WTL,R =| f
A
1 |
2 w + 1
2
(1± ~s~n);
W0 =
w − 1
2q2
((mΩb +mΩc)f
A
1 − (mΩb −mΩcw)f
A
2 − (mΩbw −mΩc)f
A
3 )
2;
2.Vector current:
< Ωc(v
′
, s
′
) | c¯γµb | Ωb(v, s) > = u¯c(v
′
, s
′
)[fV1 γµ + f
V
2 vµ + f
V
3 v
′
µ]ub(v, s);
WL =
w − 1
2q2
((mΩb +mΩc)f
V
1 +mΩc(w + 1)f
V
2 +mΩb(w + 1)f
V
3 )
2;
WTL,R =| f
V
1 |
2 w − 1
2
(1± ~s~n);
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W0 =
w + 1
2q2
((mΩb −mΩc)f
V
1 + (mΩb −mΩcw)f
V
2 + (mΩbw −mΩc)f
V
3 )
2;
Ωb → Ω
∗
c
1.Axial current:
< Ω∗c | c¯γµγ5b | Ωb > = u¯
ν
c (v2)[G
A
1 gν,µγ5 +G
A
2 v1νγµγ5
+ GA3 v1νv1µγ5 +G
A
4 v1νv2µγ5]γ5ub(v1);
WL =
w + 1
3q2
((mΩbw −mΩ∗c )G
A
1 + (mΩ∗c +mΩb)(w − 1)G
A
2
+ mΩ∗c (w
2 − 1)GA3 +mΩb(w
2 − 1)GA4 )
2;
W0 =
(w − 1)(w + 1)2
3q2
(mΩbG
A
1 + (mΩb −mΩc1)G
A
2
+ (mΩb −mΩ∗cw)G
A
3 + (mΩbw −mΩ∗c )G
A
4 )
2;
WTL,R =
w + 1
4
(
1
3
(GA1 − 2(w − 1)G
A
2 )
2 + (GA1 )
2
± ~s~n(
1
3
(GA1 − 2(w − 1)G
A
2 )
2 − (GA1 )
2);
2.Vector current:
< Ω∗c | c¯γµb | Ωb > = u¯
ν
c (v2)[G
V
1 gν,µ +G
V
2 v1νγµ
+ GV3 v1νv1µ +G
V
4 v1νv2µ]γ5ub(v1);
WL =
w − 1
3q2
((mΩbw −mΩ∗c )G
V
1 − (mΩb −mΩ∗c )(w + 1)G
V
2
+ mΩ∗c (w
2 − 1)GV3 +mΩb(w
2 − 1)GV4 )
2;
W0 =
(w + 1)(w − 1)2
3q2
(mΩbG
V
1 − (mΩb +mΩ∗c )G
V
2
+ (mΩb −mΩ∗cw)G
V
3 + (mΩbw −mΩ∗c )G
V
4 )
2;
WTL,R =
w − 1
4
(
1
3
(GV1 − 2(w + 1)G
V
2 )
2 + (GV1 )
2
± ~s~n(
1
3
(GV1 − 2(w + 1)G
V
2 )
2 − (GV1 )
2);
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